Background {#Sec1}
==========

Since its introduction in the late 1990s \[[@CR1]\], the preconditioned conjugate gradient (PCG) method has been the method of choice to solve breeding value estimation models in animal breeding. Likewise, the systems of linear equations of the different single-step single nucleotide polymorphism BLUP (ssSNPBLUP) models are usually solved with the PCG method with a diagonal (also called Jacobi) or block-diagonal preconditioner \[[@CR2]--[@CR4]\]. Several studies \[[@CR3]--[@CR6]\] observed that the PCG method with such a preconditioner applied to ssSNPBLUP is associated with slower convergence. By investigating the reasons for these convergence issues, Vandenplas et al. \[[@CR4]\] observed that the largest eigenvalues of the preconditioned coefficient matrix of ssSNPBLUP proposed by Mantysaari and Stranden \[[@CR7]\], hereafter referred to as ssSNPBLUP_MS, resulted from the presence of the equations for single nucleotide polymorphism (SNP) effects. In their study, applying a deflated PCG (DPCG) method to ssSNPBLUP_MS solved the convergence issues \[[@CR4]\]. In comparison to the PCG method, the DPCG method introduces a second-level preconditioner that annihilates the effect of the largest eigenvalues of the preconditioned coefficient matrix of ssSNPBLUP_MS on the convergence of the iterative solver. After deflation, the largest eigenvalues of the ssSNPBLUP_MS preconditioned deflated coefficient matrix were reduced and close to those of single-step genomic BLUP (ssGBLUP). As a result the associated convergence patterns of ssSNPBLUP were, at least, similar to those of ssGBLUP \[[@CR4]\].

While it solves the convergence issues associated with ssSNPBLUP, the DPCG method requires the computation and storage of the so-called Galerkin matrix, which is a dense matrix that could be computationally expensive for very large evaluations and that requires some effort to be implemented in existing software. In addition, as implemented in Vandenplas et al. \[[@CR4]\], each iteration of the DPCG method requires two multiplications of the coefficient matrix by a vector, instead of one multiplication for the PCG method. As a result, computing time per iteration with the DPCG method is roughly twice as long as with the PCG method. Accordingly, it is of interest to develop a second-level preconditioner that would reduce the largest eigenvalues of the preconditioned coefficient matrix of ssSNPBLUP at a lower cost than the DPCG method. As such, the aim of this study was to develop a second-level preconditioner that would decrease the unfavourable largest eigenvalues of the preconditioned coefficient matrix of ssSNPBLUP and to compare its performance to the DPCG method. The performance of the proposed second-level preconditioner was tested for two different ssSNPBLUP models.

Methods {#Sec2}
=======

Data {#Sec3}
----

The two datasets used in this study, hereafter referred to as the reduced and field datasets, were provided by CRV BV (The Netherlands) and are the same as in Vandenplas et al. \[[@CR4]\], in which these two datasets are described in detail.

Briefly, for the reduced dataset, the data file included 61,592 ovum pick-up sessions from 4109 animals and the pedigree included 37,021 animals. The 50K SNP genotypes of 6169 animals without phenotypes were available. A total of 9994 segregating SNPs with a minor allele frequency higher than or equal to 0.01 were randomly sampled from the 50K SNP genotypes. The number of SNPs was limited to 9994 to facilitate the computation and the analysis of the left-hand side of the mixed model equations. The univariate mixed model included random effects (additive genetic, permanent environmental and residual), fixed co-variables (heterosis and recombination) and fixed cross-classified effects (herd-year, year-month, parity, age in months, technician, assistant, interval, gestation, session and protocol) \[[@CR8]\].

For the field dataset, the data file included 3,882,772 records with a single record per animal. The pedigree included 6,130,519 animals. The genotypes, including 37,995 segregating SNPs, of 15,205 animals without phenotypes and of 75,758 animals with phenotypes were available. The four-trait mixed model included random effects (additive genetic and residual), fixed co-variables (heterosis and recombination) and fixed cross-classified effects (herd x year x season at classification, age at classification, lactation stage at classification, milk yield and month of calving) \[[@CR9], [@CR10]\].

Single-step SNPBLUP models {#Sec4}
--------------------------

In this study, we investigated two ssSNPBLUP linear equations systems. The first system was proposed by Mantysaari and Stranden \[[@CR7]\] (ssSNPBLUP_MS). This system was also investigated in Vandenplas et al. \[[@CR4]\]. The standard multivariate model associated with the ssSNPBLUP_MS system of equations can be written as:$$\documentclass[12pt]{minimal}
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The system of linear equations for multivariate ssSNPBLUP_MS can be written as follows:
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The second system of linear equations investigated in this study is the system of equations proposed by Gengler et al. \[[@CR11]\] and Liu et al. \[[@CR5]\], hereafter referred to as ssSNPBLUP_Liu. The system of linear equations for a multivariate ssSNPBLUP_Liu can be written as follows:$$\documentclass[12pt]{minimal}
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It is worth noting that the absorption of the equations associated with $\documentclass[12pt]{minimal}
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The PCG method {#Sec5}
--------------

The PCG method is an iterative method that uses successive approximations to obtain more accurate solutions for a linear system at each iteration step \[[@CR16]\]. The preconditioned systems of the linear equations of ssSNPBLUP_MS and of ssSNPBLUP_Liu have the form:$$\documentclass[12pt]{minimal}
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After *k* iterations of the PCG method applied to the Eq. ([1](#Equ1){ref-type=""}), the error is bounded by \[[@CR16], [@CR17]\]:$$\documentclass[12pt]{minimal}
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The deflated PCG method {#Sec6}
-----------------------

Vandenplas et al. \[[@CR4]\] showed that the largest eigenvalues of the ssSNPBLUP_MS preconditioned coefficient matrix $\documentclass[12pt]{minimal}
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A second-level diagonal preconditioner {#Sec7}
--------------------------------------

The DPCG method requires the computation and the storage of the Galerkin matrix $\documentclass[12pt]{minimal}
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To achieve this aim, we introduce a second-level diagonal preconditioner defined as:$$\documentclass[12pt]{minimal}
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Therefore, the preconditioned system of Eq. ([1](#Equ1){ref-type=""}) is modified as follows:$$\documentclass[12pt]{minimal}
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Regarding the largest eigenvalues of the preconditioned coefficient matrix $\documentclass[12pt]{minimal}
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Using the matrix-free version of the software developed in Vandenplas et al. \[[@CR4]\], the system of ssSNPBLUP_MS and ssSNPBLUP_Liu equations for the reduced and field datasets were solved with the PCG and DPCG methods together with the second-level preconditioner $\documentclass[12pt]{minimal}
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All real vectors and matrices were stored using double precision real numbers, except for the preconditioner, which was stored using single precision real numbers. All computations were performed on a computer with 528 GB and running RedHat 7.4 (x86_64) with an Intel Xeon E5-2667 (3.20 GHz) processor with 16 cores. The number of OpenMP threads was limited to 5 for both datasets. Time requirements are reported for the field dataset. All reported times are indicative, because they may have been influenced by other jobs running simultaneously on the computer.

Results {#Sec9}
=======

Reduced dataset {#Sec10}
---------------
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Field dataset {#Sec11}
-------------

For the field dataset, regarding the extremal eigenvalues, the application of the second-level preconditioner $\documentclass[12pt]{minimal}
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The total wall clock times of the iterative processes and for the complete processes (including I/O operations and computation of the preconditioners, and Galerkin matrices) for the PCG and DPCG methods are in Table [2](#Tab2){ref-type="table"}. Across all combinations of systems of equations and solvers, the smallest wall clock time for the complete process was approximately 14,000 s for the PCG method with the second-level preconditioner $\documentclass[12pt]{minimal}
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Discussion {#Sec12}
==========

In this study, we introduced a second-level diagonal preconditioner $\documentclass[12pt]{minimal}
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Applying the second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{O}/k_{S}$$\end{document}$ ratio to the linear systems of ssSNPBLUP results in a decrease of the largest eigenvalues of the preconditioned (deflated) coefficient matrices of ssSNPBLUP. As observed by Vandenplas et al. \[[@CR4]\] and in comparison with ssGBLUP, the largest eigenvalues that influence the convergence of the PCG method applied to ssSNPBLUP_MS were associated with SNP effects. The second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf{D}}$$\end{document}$ with the DPCG method did remove these remaining largest eigenvalues, as shown by the results for ssSNPBLUP_Liu applied to the field dataset (Table [2](#Tab2){ref-type="table"}).

The decrease of the largest eigenvalues of the preconditioned coefficient matrices with decreasing $\documentclass[12pt]{minimal}
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The decrease of the smallest eigenvalues of the preconditioned (deflated) coefficient matrices mainly depends on the sparsity pattern of the eigenvectors associated with the smallest eigenvalues. We formulated a sufficient condition such that the smallest eigenvalues remain constant when the second-level preconditioner is applied. While this sufficient condition is not fulfilled for the reduced dataset (and probably also not for the field dataset), it can help us to predict the behaviour of the smallest eigenvalues based on the sparsity pattern of the associated eigenvectors. For example, if the eigenvector associated with the smallest eigenvalue of $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{S}^{-1}$$\end{document}$, which is undesirable. Other behaviours of the smallest eigenvalues of the preconditioned (deflated) coefficient matrices can lead to the conclusion that the associated eigenvectors have a different sparsity pattern, which helps understand if and how the use of the proposed second-level diagonal preconditioner will be beneficial.
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                \begin{document}$${\mathbf{D}}$$\end{document}$ is easy to implement in existing software and does not influence the computational costs of a PCG iteration, since it can be merged with the preconditioner $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf{M}}$$\end{document}$. Indeed, it is sufficient to multiply the entries of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf{M}}^{-1}$$\end{document}$ that correspond to the equations associated with SNP effects by an optimal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_{O}/k_{S}$$\end{document}$ ratio to implement the second-level preconditioner $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf{D}}$$\end{document}$. Furthermore, the value of an optimal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_{O}/k_{S}$$\end{document}$ ratio for a ssSNPBLUP evaluation can be determined by testing a range of values around the educated guess defined previously and then re-used for several subsequent ssSNPBLUP evaluations, because additional data for each new evaluation is only a fraction of the data previously used and will therefore not modify, or will modify only slightly, the properties of the preconditioned coefficient matrices $\documentclass[12pt]{minimal}
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In this study, we used the second-level diagonal preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf{D}}$$\end{document}$ for two different ssSNPBLUP models. To our knowledge, it is the first time that ssSNPBLUP_Liu was successfully applied until convergence with real datasets \[[@CR3], [@CR5]\]. From our results, it seems that the preconditioned coefficient matrices of ssSNPBLUP_Liu are better conditioned than the preconditioned coefficient matrices of ssSNPBLUP_MS, leading to better convergence patterns for ssSNPBLUP_Liu. Therefore, among all possible combinations of linear systems (i.e., ssSNPBLUP_MS and ssSNPBLUP_Liu), solvers (i.e., the PCG and DPCG methods) and the application (or not) of the second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf{D}}$$\end{document}$ is the most efficient in terms of total wall clock times and implementation. However, in our study it was tested only on two datasets and the most efficient combination of linear system and solver will most likely be situation-dependent.

Application of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf{D}}$$\end{document}$ to other scenarios {#Sec15}
----------------------------------------------------------------------------------

The proposed second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf{D}}$$\end{document}$ can be applied and may be beneficial for ssSNPBLUP models that involve multiple additive genetic effects, or for other models that include an effect that would result in an increase to the largest eigenvalues of the preconditioned coefficient matrices. The developed theory does not require a multivariate ssSNPBLUP with only one additive genetic effect. As such, for example, if multiple additive genetic effects are fitted into the ssSNPBLUP model, such as direct and maternal genetic effects, the second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf{D}}$$\end{document}$ could be used to improve the convergence pattern of models other than ssSNPBLUP. For example, with the field dataset, the addition of the genetic groups fitted explicitly as random covariables in the model for pedigree-BLUP (that is, without genomic information) led to an increase of the largest eigenvalue of the preconditioned coefficient matrix from 5.1 to 14.8. The introduction of the second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{O}/k_{S}=10^{-1}$$\end{document}$ ratio applied to the equations associated with the genetic groups reduced the largest eigenvalues to 6.0, resulting in a decrease of the effective condition number by a factor of 2.6. This decrease of the effective condition number translated to a decrease in the number of iterations to reach convergence from 843 to 660.

Conclusions {#Sec16}
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The proposed second-level preconditioner $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf{D}}$$\end{document}$ is easy to implement in existing software and can improve the convergence of the PCG and DPCG methods applied to different ssSNPBLUP methods. Based on our results, the ssSNPBLUP system of equations proposed by Liu et al. \[[@CR5]\] solved using the PCG method and the second-level preconditioner seems to be most efficient. However, the optimal combination of ssSNPBLUP and solver will most likely be situation-dependent.

Additional files
================

 {#Sec17}

**Additional file 1.** Bounds of the largest eigenvalue of the preconditioned coefficient matrix of ssSNPBLUP Derivation of the lower and upper bounds of the largest eigenvalue of the preconditioned coefficient matrix of ssSNPBLUP. **Additional file 2.** Proof of the sufficient condition Proof of the sufficient condition.

**Publisher\'s Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

The use of the high-performance cluster was made possible by CAT-AgroFood (Shared Research Facilities Wageningen UR, Wageningen, the Netherlands).

JV conceived the study design, ran the tests, and wrote the programs and the first draft. JV and CV discussed and developed the theory. HE prepared data. CV and MPLC provided valuable insights throughout the writing process. All authors read and approved the final manuscript.

This study was financially supported by the Dutch Ministry of Economic Affairs (TKI Agri & Food Project 16022) and the Breed4Food partners Cobb Europe (Colchester, Essex, United Kingdom), CRV (Arnhem, the Netherlands), Hendrix Genetics (Boxmeer, the Netherlands), and Topigs Norsvin (Helvoirt, the Netherlands).

The data used for this study were collected as part of routine data recording for a commercial breeding program. Samples collected for DNA extraction were only used for the breeding program. Data recording and sample collection were conducted strictly in line with the Dutch law on the protection of animals (Gezondheids- en welzijnswet voor dieren).

Not applicable.

The authors declare that they have no competing interests.
